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Exercise 1 [5 Points]: Consider the matrix

(3 1)

a) Show that for v < 0 we have Koo(A) = K1(A) = (14+7)%

b) For the lincar system Az = b, where b is such that = (1—~,1)" is the solution, find a bound for

0z] o, / |zl in terms of [|0b|| . /[|b]l., when 6b = (81,85)". What can you say about the condition of
the problem?

n 1/p
Definition. A p-norm for a vector is defined by ||z|, = (Z |xip) . As p — oo so the norm approaches
i=0
the infinity norm |z|| = Jnax |z;| (also known as the mazimum norm,).
Stsn

For a matriz A € R™*™ then if a p-norm for vectors is used for both spaces x € R™ and Ax € R™*™, then
the corresponding matrixz norm is

Azl
|Allp = sup .
Poaso Nzl
A condition number for a matriz can be defined for a given norm as K, (A) = HAHPHA*IHP.

Exercise 2 [5 Points]: Check that the matrix A = tridiag,, (=1, «, —1) with o € R has eigenvalues given by
Ai=a—2cos(if), i=1,...,n,
and the corresponding eigenvectors are

v; = (sin (i6) ,sin (2i0) , ..., sin (nif))"
T
n+1

where 6 =

Exercise 3 [5 Points]: Consider the linear system Az = b, where

11
A= 11
v 1

= Lo =

and a, 8,7 € R. Define an iterative method for k > 0 as
g+ — -1 (b - Lz(k)> ,

where

G

I
O O =
O = =
—_ =

0 0 O
and L = a 0 0
B v 0



a) Find all values of «a, 8,7 such that the sequence of iterates {x(k)} converges for every initial guess x(©)
and every right hand side.

b) Give an example for b leading to non-convergence in the case a = f =~ = —1.

c) Is the solution always found with at most two iterations if @ = v = 0?7
Exercise 4 [3 X 2 Points]: Compute the following derivatives:
d 2
a) T ||a:+sp\|q for z,peRand 1 < ¢ < oo,
s

b) V ||u(x)\|§ where u : R" — R" is sufficiently smooth,

¢) Alall} = div (Jl2]3) = V- (¥ |lall3) for = € R™.

Exercise 5 [5 Points]: Given n + 1 distinct points xo, ..., 2, € R consider the functions
Y-
ll:ll J, i=0,...n.
. T; — Xy
=0
J#i

Show that these functions form a basis for the polynomials P,, of degree less than or equal n over R.



