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Exercise 1 [5 Points]: Consider the fourth-order differential operator Lu(x) = −u′′′′(x) on the space of functions
{v : R → R} of sufficient smoothness. Using a centered finite differences derive a discretization of L on a grid
with nodes xi.

Exercise 2 [5 Points]: Consider the Heaviside function H : R → R with

H(x) =

{
1 if x ≤ 0,
0 else.

Show that the weak derivative (distributional derivative) of H is given by the Dirac distribution δ.

Hint: According to the definition of weak derivative you thus have to show that
∫
H(x)v′(x) dx =

∫
δ(x)v(x) dx.

Exercise 3 [5 Points]: Let f : B1(0) → R, f(x) = |x|r for a given real number r, where B1(0) ⊂ Rn is the unit
ball around the origin. Show that f has first order weak derivatives provided that r > 1− n.

Exercise 4 [5 Points]: Let Ω1,Ω2 ⊂ Rn be bounded. The mapping F : Ω1 → Ω2 shall be bijective, continuously
differentiable and such that ∥DF (x)∥ and

∥∥∥(DF (x))
−1

∥∥∥ are bounded in a suitable compatible matrix norm for
all x. Show that v ∈ H1,2 (Ω2) implies that v ◦ F ∈ H1,2 (Ω2).

Exercise 5 [5 Points]: For some Ω ⊂ Rn consider the following problem: Find u : Ω ⊂ R such that

−∇ · (α (x)∇u (x)) + γ (x)u (x) = f (x) in Ω,

ν · ∇u = 0 on ∂Ω,

where α, γ : Ω → R are functions of sufficient smoothness and where ν denotes the outer normal to the domain
Ω. The type of boundary condition here is referred to as Neumann or natural boundary condition, whereas the
boundary conditions we studied so far in class are called Dirichlet or essential boundary conditions.

Multiplying with a test function and integrating by parts derive the weak form of this problem. Which
condition is required for the test functions in order to let the boundary integral vanish?

Hint: In dimensions n > 1 the integration by parts formula is also referred to as Green’s formula or Green’s
first identity.
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