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Exercise 1: Find the solution to the system
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of equations using Gaussian elimination:

—5x + by + 10z =45

Firstly, set up the augmented matrix

3xr—y—z=-3
3xr — 6y + 62 =15

-5 o5 101 45
3 -1 -1]|-3
3 -6 6 |15

Step 2: Simplify row 1 by multiplying Ry by —%:

1 -1 -2]-9
3 -1 -1]-3
3 -6 6 |15

Step 3: Eliminate first column Ry < Ro — 3R; and R « R3 - 3R;:

Back substitution. From row 3 deduce:

From row 2:

1 -1 =219
02 5 |24
0 =3 12 | 42

1 “1¢-21]-9
0.2 5 |24
0 0 2|78
ﬁz:78—>2:4
2

20+5x4=24->2y=4->y=2.

From row 1:

r—2-2x4=-9->x=1.

Thus
ap =1

y=2, and z=4.
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Exercise 2: Let
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a) Check if Gaussian elimination can be applied to solve Az = b.
b) Solve Az =b for by Gaussian elimination with scaled partial pivoting.

a) Check if Gaussian elimination can be applied Gaussian elimination can be applied if the matrix is non-
singular (i.e., all pivots are non-zero, possibly after row exchanges). Form the augmented matrix and
perform elimination:

1 -1 2 1] 1
3 2 1 4] 1
5 8 6 3|1
4 2 5 3|-1
Step 1: Eliminate below pivot aq; =1
RQ <~ RQ - 3R1,
R3 <~ R3 " 4 5R1,
Ry« Ry—4R;.
Thus
1 -1 2 1 1
0 5 -5 1]-2
013 -4 -2| -4
0 6 =3 -1]|-5
Step 2: Pivot age =5 # 0. Eliminate below:
1
Rg'~ R3 €R27
6
R4 << R4 - gRQ
Augmented matrix is now
1. -1 2 1 1
0 5 -5 1 -2
o0 9 B¢
ol i3
0 0 3 %= |-
Step 3: Pivot agz =9 # 0. Eliminate below: Ry <« R4 — éRg so finally
1 -1 2 1 1
0 5 -5 1 |-2
23 | 6
0o 0 9 3|5
0 0 0 -5 |-3

All pivots are non-zero: 1,5,9, —%. Therefore, Gaussian elimination can be applied.

b) With scaled partial pivoting, at each step choose the row with the largest ratio as pivot, where s; is

ik
Sq
the scale factor (max absolute value in row ¢ of the original matrix).

Scale factors:
s1 =max (|1],|-1|,|2],]1]) = 2,
S9 = ma,X(|3|7 |2|7 |1|7 |4‘) = 47
S3 = max(|5|, |8|7 |6|7 |3‘) = 87
Sq4 = maX(|4|7 |2|7 |5|7 |3D =9.
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so that

§=1(2,4,8,5).
Choose the pivot for column 1. Ratios are % = 0.5, % =0.75, g = (0.625, % = 0.8. As the maximum is
0.8, so swap rows 1 and 4, to yield
4 2 5 3|-1
3 2 1 411
5 8 6 3|1
1 -1 2 1] 1
Eliminate below pivot, to give
4 2 5 3 | -1
1 1 7|z
0 2 -7 1|1
11 1 319
0 % -1 -i|1
3 3 1 5
0 -3 1 1|3

Note that now s = (5,4,8,2)

Now eliminate entries from the second column.

ratios = (|3]/4, [1H1/8, 121/2) = (1/8, 11/16, 3/4).

4 2
3

0 -3
11

0 3
1

0 3

Eliminate below pivot:

4 2
3
0% -2
0 0
0 0

To eliminate the last entry of the third column,
largest is row 4, so swap R3 <> Ry:

To see whether rows need to be swapped, consider the
As the largest issrow 4, so swap Rg <> Ry:

5 73 |-1
30 01 | s
4 4 4
1 239
4 4 4
_u o7 |z
4 4 4
5 3 |-1
3 |5
4 4 4
5 1[4
2 6 6
5 11|13
2 6 6

consider the ratios = (|3|/8, |3|/4) = (5/16, 5/8). Again,

4 2 5 3 |-1
3 3 1|5
0 -5 1 1|1
5 11 | 13
00 -3 %%
5 1 |41
00 5 §1%
and eliminate below the pivot value to yield
4 2 5 3 |-1
3 3 1|5
0 -3 1 |1
5 11 | 13
00 -3 %%
0 0 0 219
Back substitution:
2(E4 =9 > Ty = g,
—%"E3+%$4:% 31’325%,
4x1+2x9 +br3+3x4=-1 = 11 = —%.
Thus
217 17 73 9

(

).

3071573072
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Exercise 3: Let

a)
b)
c)
a)

b
I
N
AN
[N )

Show that matrix A is positive definite.

Compute the LU decomposition of A where L has ones on the leading diagonal.

Compute the Cholesky decomposition of A.

One way of showing that a matrix A is positive definite: a symmetric matrix is positive definite if all its

leading principal minors are positive (Sylvester’s criterion). It is often easier than finding the eigenvalues.
First, note that A is symmetric: A = AT

Leading principal minors:

M1=4>O
4 1
M2:1 5:4(5)—1(1):20—1:19>O
4 1 2
Mz =det(A)=[1 5 1
2 1 6
Expanding along the first row:
5 1 1 1 1 5
0§ el

=4(30-1) - 1(6 <2) +2(1—10)
=4(29)-442(-9) =116 ~4-18=94>0

Since all leading principal minors of the symmetric matrix are positive, A is positive definite.

Alternatively show.all eigenvalues are real and positive. The characteristic polynomial is
A% — 150 + 68X - 94 = 0.

Numerically'solving this gives A\; ~ 2.7076, Ay » 4.3973 and A3 ~ 7.8951.
It is possible to solve this analytically. Let A =t + 5 to get the depressed cubic t3 — 7t — 4 = 0, which has

the closed form solution
1 2
)\k:5+2\/700s —cos! —6\/5 _2mk , k=0,1,2.
3 3 T 3

When trying to find" A = LU, note that in general this is under-determined. Thus, to find a unique
solution, it is enforced that L is lower triangular with 1’s on the diagonal and U is upper triangular.

Evaluating a11 = 1-wuy1 = uq1 = 4. Similarly, ug; = 1 and ugz; = 2.

Now, knowing w11 then, the next step is to equate the values in the first column of A. This yields lo; = i

andl31=%:%.

Equating values of the second column of A first gives 5 = 1/4 + uga, thus ugs = 19/4. Next, 1 = 2/4 + ugy
yields ugs = 1/2.

Continuing for the third row of A, then gives I35 = 119/—/%1 = % After elimination:
2 1 1 94
u33:5_i.7:5—7:7
19 2 19 19

Page 4 of 7



Hence:

1 0 0 4 1 2

_ 1 _ 19 1
L=|L 1 o], U=]o & 1
1 2 94

3 19 0 0 5

c) Since A is positive definite and symmetric, we can write A = LLT where L is lower triangular with positive

diagonal entries. Let
lh 0 O

L=|los Iz 0],
l31 32 a3

then by equating coefficients of A to L using A = LLT yields, for column 1¢
l%l =dall =4=>l11 =2,

loilin =ag1 =1= 191 =

57
I31li1 =a13=2=>l33=1
Column 2:
1 V19
l§1+l§2:5:>1+l§2:5:>l22:7,
V19 V19 1
l31log +l30lop =1= = +l3p- —— =1=l39= — = )
3121 + 32022 =>2 32 B =132 19 9
Column 3:
3, +15,+13, 56
1 94 94
1+1—9+l§3:6:>l§3:5:>l33: 5
Thus
2 0 0
2 P
1 L 94
V19 19
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Exercise 4:

a)

Using
n—1 n-1 n-1
Nk(k+1)=Y K+ > k
k=1 k=1 k=1
1 1
=—(n-)n(2n-1)+ —n(n-1),
6 2
or otherwise, explain why, for a (n x n)-matrix, Gaussian elimination has O (n3) complexity.

Explain why, for a (n x n)-tridiagonal matrix, Gaussian elimination only has O (n) complexity. (This
is known as the Thomas algorithm)

At the k-th stage of the first part of Gaussian elimination, it necessary to'perform one division, (n-k+1)
multiplications, and (n — k + 1) subtractions to eliminate an entry from the j-th row.

But at the k-th stage there are a total of n — k rows to remove entries to create the triangular form. This
means in total n — k divisions and (n —k)(n — k + 1) multiplications and subtractions.

Rewrite the summation as

n(n—l)'

ni(n—k):ﬂin—nik:n(n—l)—(n—l)nﬂ: 5
k=1 k=1

k=1

Therefore,

divisions and, applying the same procedure show

%(n—k)(n—k-ﬁ-l):}n(nQ—l)
k=1 3

multiplications and.the same number of subtractions.

For back substitution, to obtain each value, one division, n — k multiplications and n — k subtractions.
Thus, for back-substitution, there are, in total; n divisions and

Zn: (n-k)= %n(n—l)
k=1

multiplications and the same number of subtractions which must be performed.

Thus, for Gaussian elimination, this gives n(n + 1)/2 divisions, and both (2n® + 3n? - 5n)/6 for both
multiplication and division.

Consider Ax =d; and et the tridiagonal matrix be

bl C1 0
ag bQ C2
A= as b3
B Cn—1
0 a, by

The first equation of the linear system is bix1 + c1x2 = d; has two unknowns. The second equation has
three unknowns asx1 + boxg + coxg = dy. Write

a;T;-1 +bixi+cixi+1 :di for Z.:2,...,TL—1

and the last equation only has two unknowns a,x,-1 + bpxy, = dy-

Page 6 of 7



For the second equation, the unknown x; can be eliminated via the row operation ry + b175—aory, yielding
an equation in two unknowns

(b1b2 - Clag) To + Cgb1$3 = d2b1 - d1a2.
This procedure can be repeated, eliminating unknowns from each row (by eliminating every a;), so that
the last row will only have a single unknown. This gives a upper triangular matrix.

Then solving for the x,, means that will be possible to solve for z,,_1.

Both the forward elimination and back substitution require O (n) operations. The forward elimination
has one division, one multiplication and one subtraction per row, i.e. O(1) per row, which is O (n). The
same operations are applied for back substitution.
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