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Exercise 1: Consider the function f(z) = e**! and the set of equally spaced nodes 0,1/3,2/3,1. The Newton
form of a polynomial interpolant is given by

pn (2) = i a;n; (x)
i=0

where the first polynomial is given by ng (z) = 1 and
n;(z) = (x-x9) (x —x1)...(x —xi_y) for i>0.

Derive the polynomial p,(z) in Newton form that interpolates f(z) at the four given nodes.

Interpolate f(x)=e®*! at the four equally spaced nodes

wiN

y T2=73, :E?):l-

SV

To = 0, xrq =
The function takes the four values
f(zo) =¢, f(x1)= 64/37 flaz) = 65/3, fxs) = e’

The three first-order divided differences are given by

4/3

flzo,z1] = € 1/;6 :3(e4/3—e),
513 _ GAIB

f[xl,xg] = T = 3(65/3 — @4/3)7
207 5/3

f[$27963]=76 1/2 :3(62—65/3).

The two second-order divided differences given by

Ty, To| — flTo, 3(eP/3 — 13y — 3(etl3 — ¢ 9
Hlo. 1, 22] = L1 i—ig ol X 2)/3 : )25(65/3—264/3+e),
To,x3|— flT1, @ 3(e? = €%/3) = 3(eP/3 — ¢t/3 9
Ao By - ] MESED SRR o

and, finally, the one third-order divided difference:

- 9 5
flzo, 21, 2, 23] = flz1, 22, 23] = flzo, 1, 22] =3 (62 _365/3 4 3643 _ e) '

T3 — X
The Newton basis polynomials are

no(z) =1,
ny(z) =z,
ny(z) = z(z -

1
3)
y() = a(a - 3)(x - 2).
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The coeflicients are the leading divided differences:
ap=e, ay=3("-¢), ay-= %(65/3 -2¢" v ), as= %(62 -3e73 4 3e43 ~¢).

Therefore, the cubic interpolating polynomial in Newton form is:

ps(z) =e+3(e*P—e)z+ 2(65/3 -2¢*3 1+ ¢) z(z - %) + 3(62 —3¢%/3 4 3¢43 —e)z(z-1)(z-2).
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Exercise 2: Derive the four Lagrange polynomials for f(x) = e**2 evaluated at the set of equally spaced
nodes 0,1/3,2/3,1.

The four Lagrange basis cubic polynomials for f(z) = e**? evaluated at the equally spaced nodes

2
y  T2= 3, x3 = 1.

W=

370:0, xr1 =

Recall that the k-th Lagrange basis polynomial is defined as

Li(z) = Hx_xj_.
§=0 Tk — Tj
J*k
FOI‘Lo(a?)
(@-H@-2)z-1) (@-H@-)@-1) 9,/ 2
Bl T T T N =gz =52 -3) @~ ).
o 2@-D@-1)  a(e-2)@A)
_we-3)@-1)  w(@-3)@A) 27, .
b= MHE-HE-1) DHEHEDH 2 p(z-3)(@-1).
e (z-3)(x-1) (z - 3)( ) _
z(x—-3)(z -1 z(x-3) (o= 1 o7 Do
Ly(x) = ( )(7_7 (%_1)— (g)( )( ?x(x—g)( 1).
e o= H(e-2) T H-2)
S L L N e L D(z-2
LO=ma-ha . @@ 2° z(z-3)(=z-3)

The interpolating polynomial is then given by
3 (
p3(x) =Y flax) Lp(z) = €2 Lo(a) + €/ Ly () + €% Ly(a) + €% Ly ().
k=0
Collecting terms by powers of x yields
p3(x) = ( %e2 + %67/3 - 22—768/3 + %63)1‘3
+ 962 4—25 /3 118683 - %e?’) z?

2493 - 268/3 + ed)x

Factoring out % from the cubic coefficient gives
ps(z) =€ + (—L2162 +9€73 - ges/g + 63) T+ 3(262 —5e™3 + 4683 - 63) 22+ %(—62 +3e7% — 383 4 63) 3,

which, upon factoring the cubic coefficient as J(e® - 3¢%/% + 3¢7/3 - ¢2), agrees with the Newton form derived in
Exercise 1 with the coefficients

ag=e€?, ay =3P -¢e?), a2=2(68/3—267/3+62), a3:%(€3—3€8/3+367/3—62).

Page 3 of 77



Exercise 3:
a) At t = (1,2,3) values are measured as p = (2,4,4.5). Using Aitken’s method, verify that when ¢ = 1.5,
the interpolated value is approximately p = 3.875

Do,0 = 2
Po,1 =3
P10 = 4 Po,2 = 3.875
pi,1 =3.75
D2,0 =4.5

b) For data measured at ¢t = (1,2,3,5), whose values are measured as p = (2,4,4.5,5), use Aitken’s method
to find the approximate value at t = 1.5.

a) Given the data
t:(172,3)7 p: (27474'5)’

using Aitken’s method to interpolate at t* = 1.5 requires computing the terms

oy (=t piv1g—1 — (" —tikk) Pik-1
pik(t’) = :

tivg —1;
Starting from the zeroth-order values
p070 = 27 pl,O = 47 p270 = 45,

the first-order values are

_(15-1)-4-(15-2)2 0544052

DPo,1 9_1 1 ,
15-2)-45-(1.5-3)-4 —05:45+1.5-4
pry =t ) : 2( )4 _ 1+ - 3.75,

and the second-order value is

(1.5-1)-3.75-(1.5-3)-3 0.5-375+15-3 1875+4.5 6.375
3-1 \ 2 - 2 2

Hence the interpolated valueat ¢t* = 1.5 is p » 3.875, as required.

= 3.875.

Po,2 =

b) We are now given the/data
t: (17273,5)’ p: (274’4'575)7

and we wish to interpolate at t* = 1.5. We again apply Aitken’s method. The zeroth-order values are
Poo =2, pio=4, p20=45, p3o=95.

The first-order values are
B (1.5=1)-4-(1.5-2)-2 B

3
Po,1 -1 )
(1.5-2)-45-(1.5-3)-4
= =3.75
Pin 3_9 s
1.5-3)-5-(1.5-5)-4. -7.5+15.
p21:( 5-3)-5-(1.5-5) 5: 7.5+ 575:4.125.
’ 5-3 2
The second-order values are
1.5-1)-3.75-(1.56-3) - 1. 4.
po,2=( 5-1) 3;51( 5-3) 3: 875 + 5:3.1875,
1.5-2)-4.125-(1.5-5)-3. -2. 13.1 11.
o= (1.5-2) 25-(1.5-5) 375: 2.0625 + 13 25: 0625:3.6875.
’ 5-2 3
The third-order value is
(1.5-1)-3.6875-(1.5-5)-3.1875  1.84375+ 11.15625 13
Po,3 = 5_1 = 1 = Z =3.25.

Hence the interpolated value at t* = 1.5 is

p(1.5) ~ 3.25.
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Exercise 4: Consider the measurement values py = 5,p; = 4, and py = 6 that have been obtained at the

nodes ug = 0, u; = 7, and up = 5. Let the function p(u) = acos(u) + fu approximate the data in the least
squares sense.

a) Show that the normal equations are given by
2, 2 2
a ) cos” (u;) + B Y u;cos (u;) = Y. pycos (uy),
=0 i=0 i=0
2 2, 2
Y ugcos (u;) + By, uf =Y pu,.
i=0 i=0 i=0
b) Solve the normal equations for o and /.
c) Compute the error in the Ly sense that is minimized in (b).

d) What is the solution and what is the error if the last measurement value is now ps = 57

a) The least squares problem minimises
2 2 9
Eor, ) = Y (p(us) - i) = Slevcos(us) + fui — i)
i=0 i=0

Setting the partial derivatives to zero,

(a cos(u;) + Pu, —pi) cos(u;) =0,

(acos(u;) + Bu; — pi)u; =0,

2
i
which rearrange to the normal equations
2 ) 2 2
@ cos’(u;) + B uicos(u;) = Y p; cos(u;),
i=0 i=0 i=0

2 2 2
« Z u; cos(ug) + 3 Z u? = szuz
i=0 i=0 i=0

b) The required sums are evaluated at the nodes. Using cos(0) = 1, cos(7w/4) = g, cos(mw/2) =0,

2

Z(:Jcos2(ui)=1+%+0=%7
2
ZU’LCOS(U'L‘):0'1+Z-§+%.0:%7
i=0
2 2
2 <2 x2 0T
;)ui:0+ﬁ+f 6
2
S pscos(ui) =5-1+4- Y2 +6-0=5+2v2,
i=0
2
Zpiui:5'0+4'%+6-g=7r+37r:47r.

=0

The normal equations therefore become

g 7“/_5 5+2V2,

’7T\/_ 52
AT
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In matrix form,

S T2\ (a) (5+2v2
~2  sx2 J\B) dr )

8 16
This can be solved to show that the least squares solution is

25+ 22 2(44 — 5v/2
:‘”%[ ~ 3.976, “3:(770f)
T

The Lo error is

2 2
E =Y (p(u) - pi).

i=0
Evaluating the fitted function at each node,

p(ug) = acos(0) +3-0 = a ~ 3.976,

~ 3.337.

p(ur) =a-¥2 + - T 5 3.976 x 0.7071 + 3.337.%0.7854 ~.4.430,

p(uz) =a-0+ - % ~3.337 x 1.5708 ~ 5.241.

The residuals are

7o =3.976-5=-1.024, 1y =4.430-4'=0.430, 7o =>5.241-6=-0.759,

giving

E ~ (-1.024) + (0.430)? + (=0.759)% ~ 1.0494 0.185 + 0.576 ~ 1.810 .

If instead py = 5, the right-hand sides of the normal equations change to

ZPzCOS(Uv) 5+2V2, Zp,ul—ﬂ+~:%”,

(the first part of the right hand side remains the same). The second equation changes, giving

™2 52 77T

- o+ 5 -
In matrix form,
3 ‘ﬂﬂ 5+2V2
2 8 (a) _
= 7 .
me s V|
8 16
Solving again by Cramer’s rule,
25 + 3/ 2
o= %‘M ~ 3.976,

2(38 - 5V/2)

/8_(3.7_77_7“/_(5 2\/—)) 16(21 5\/§+4) 16 38-5v2 _

4 8 8

Evaluating the fitted function at the nodal values, and summing the residuals gives the corresponding Lo

as The residuals and squared residuals are

T

i u; p(u) =acos(u)+Bu; pi ri=plu)—pi 17

0 0 4.178 5 ~0.822 0.676
1 /4 4.163 4 +0.163 0.027
2 w2 4.418 5 -0.582 0.339

giving
E~0.676+0.027+0.339 ~ 1.042 .
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