Constructor University Spring Semester 2025

Dr. D. Sinden

JTMS-MAT-13: Numerical Methods

Exam & Solutions

All questions carry equal marks. Only five questions will be marked. Please use the booklet provided,
clearly indicating in the inside cover which questions are to be marked.

All trigonometric values are in radians.

Question 1:

(a) Given Newton’s method in one dimension is

I’ (-Tn)’

using a first-order approximation for the derivative, derive the'secant method.

Tn+l = Tn —

(b) Given a two-dimensional function, f= (f1, fg)T, which takes two variables as arguments, what is the
Jacobian?

(c) For

show the inverse of the Jacobian is given by

1 1 ( 2y + ez -2y

= v (J) ety 27—y )7 where det (J) = 3e%Y (:E—y) +2y (2x—y).

(d) With initial condition (zo, yo)" = (1,3)T, find the first iterate of the Newton method.

(a) The first order backwards approximation to the derivative f'(z) can be written as

f,(zn) _ J(xn) = f(Tn-1)

Ty — Tp-1

which, when substituted in Newton’s method is

Tp —Tp-1

Tp) = f(Tn-1) .

Tn+l :xn_f(mn) f(

(b) The Jacobian matrix of the given function is

on o
J= or 0Oy
of2 Of2
or 0Oy
(c) As f1 =2% +y* -2y, so
%:Qm—y
ox
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and

on =2y-x
dy
As fo =y? + €™, so
an _ _xty
ox ¢
and of
2 -+
G2 9y oty
oy y-e
Thus,
[ 22~y 2y-x
J = Tty Qy_eery .

The determinant is

det (J) = (20— ) (2y — €) — (2 — )"V
=3e"Y (z -y) +2y (22 - y)

and the inverse is of a 2x2 matrix

is

Hence the inverse of the Jacobian is

Tdet (1) | —estv

1 1 2y + et -2y
e 20—y J©

(d) Substituting the values (x0,yo) into the vector,Newton iteration scheme,
Ty = o —J 1) f (20)

is

iy
(o Yot 2y + €™ xo -2y 5 + Y3 — ToYo
- Yo det (J) _ewo+y0 2;[;0 - Yo y% 4 eﬂi0+y0
(1 1 2x3+e'*3 1-2x3 124+432-1x3
3 det() —e*? 2x1-3 32 4 el*3
(1) 1 [6+et -5 7
U3 T S6(@ ey | et -1 9+et
_[1 " 1 =3+ 2e*
A3 ) 6(+et)| -9-8¢
1y 1 [3- 2¢4
3 ) 6(1+et) | 9+8et
[ 1.31834
“\ 1.66367
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Question 2:
(a) What is a singular matrix?

(b) Given the matrix

4 3
A=| 3 4
1 3

Ut W =

show the row echelon form of the matrix can be written as

4 3 1
U=10 7 9
0 0 52

(c) By applying Gaussian elimination, or any other method, find the solution to the linear equation AZ = b,
where b is given by
61
b=| 63
43

(d) If an n x n matrix is invertible, what is the order of the upper limit for the number of arithmetic
operations to yield the inverse for Gaussian elimination?

(e) If an n x n matrix is in lower triangular form, what is the order of.the upper limit for the number of
arithmetic operations to perform back substitution?

(a) A singular matrix has a determinant which is equal to zero. Other answers are that the matrix does not
have full rank, etc.

(b) Note: there are many ways of providing equivalengfrow echelom matrices, depending on the elementary row
operations which are performed. Lypically, the first step is Re = 4Rs — 3R, so that

4.3 1
A=l 0/ 7 9],
13 5
Next R3 = 4R3 - Rl
4 3 1
A=l o 7 9 |,
0 9 19
Finally, Rs = 7R3 — 9R5 then yields
4 3 1
A=l o 7 9 |,
0 0 52

Note that if partial pivoting is performed and a row swap performed, the signs change: once for the row swap
and once in the row operation.

(c) The first step is Ry = 4Ro — 3Ry, so that

4 3 1|61
A=l 0 7 69 |,
1 3 43
Next R3'—>4R3—R1
4 3 1] 61
A=l 0 7 9|69 |,
0 9 19111
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Finally, R3 » TR3 — 9Rs then yields
4 3 1|61
A=l 0 7 9|69 [,
0 0 521156

Thus, if Z = (z,y, z)T, then evaluating row three gives 52z = 156, so z = 3. Substituting this into the second row
gives Ty + 27 = 69, thus Ty = 42, so that y = 6. The last equation is 4x + 18 + 3 = 61, thus 4z = 40. Hence

f:(g’).

(d) The order of Gaussian elimination is O (n?).

(e) The order of back substitution is O (n?).
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Question 3:
(a) Show, by constructing an cubic polynomial, ¢(z), which is orthogonal to 1, z and 2, i.e.

1
/xiq(x)dm:O for i=0,1,2

-1

3 3
that the Gauss nodes for Gaussian quadrature are z; = —\/; , 0, \/; .

(b) Lagrange polynomials are defined as

$—$j

l;(z) =
‘ OS.]Q’I’L Li = Xy
J#i

Derive the three Lagrange polynomials for the z; given above.

(c) Show that the weights ¢; such that

1
ci/li(x)dle.
=

for each Lagrange polynomial, are given by cg =

oo

,cl=§and02=%

3 3
(a) To show that the Gauss nodes for Gaussian quadrature are z; = \/;, 0, \/;7 we need to find a cubic
1,1]

polynomial g(x) which is orthogonal to 1, x, and . z? over the:interval [~1,1]. This means we require:

1 1 1
[ q(x)dz=0 f zq(x)dr =0 and f z2q(z)dz = 0.
-1 -1 -1

Let g(z) = z(2? —a). We choose this form because it is.a cubic polynomial and we will determine the value of a
that satisfies the orthogonality conditions. Now, we need to compute the integrals. Firstly, compute f_ll q(z)da:

[1x(x2—a)dx:[j(x3—am)dx

1

Since 3 and'z are odd functions, their integrals over symmetric limits around zero are zero, i.e.
U, 1
fxdx:O and /a;vdx:O
-1 -1

1 b
/ (23 —az)dz=0-0=0
-1

Thus,

Compute f_ll xq(x) da:

[11 z(xz(z® —a))d = /_;(x4—ax2)dx

1
f ztde = 2
-1 5

As

and

Thus we have,



so solving for a yields

Thus, the polynomial ¢(x) is:
(@) = 5o (- 3)
x)==-xzlz-=].
N =5 5

We have constructed the polynomial g(z). Now, we need to find the roots of g(z) = 0 to determine the Gauss

nodes, i.e. %x (m2 - %) =0, which gives x =0 and z = :l:\/g.

(b) Lagrange polynomials are defined as
xr—xT j

0<j<n Li = Xj
3 3
Thus for g = - R x1=0and x5 = R then

lo () = (x—x1) (- 22)

(20 —21) (0 —72)
] (z-m(x-vg)
VIR

For I; (x), then

~ (x —x0) (x - x2)
VA7) = Tor=20) (a1~ 2)

(o
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Finally, l5, which is similar to [,

_ (z—x0) (z—21)
& (m) B (Iz —Io) (1’2 —Il)

(l’-f—\/g) (z-0)
R
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Hence, ¢ = g Finally, for {4 (x)

o g‘ Q
8
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Question 4:
(a) What condition on the Butcher array makes a Runge-Kutta scheme implicit?

(b) The differential equation
Yy (t)=1-2y(t) with y(0)=1

1
has the exact solution y = 5 (e‘Qt + 1). From the Runge-Kutta scheme given by the Butcher array
0
10 1
2| 2
1 1
2| 0 3
1] 0 0 1

1/6 1/3 1/3 1/6

where

4 4 4
Uk+1 = Uk + h Z blf (uk +h Z ai’jkj,tk it Clh) = Uug + h Z bzk‘l
i=1 j=1 i=1

and using step size h = 0.1, show that to compute uq,the k coefficients are given by

ki=-1, ko=-09, ky=-091 and ks =-0.818.

(c) For an s-stage Runge-Kutta scheme, what condition on the coefficients b; is necessary for stability?

(d) Find the global truncation error after two steps, i.e. |y(2h) — ug|:

(a) A Runge-Kutta scheme is said be to be implicit if the'matrix A is lower triangular.
(b) Given ug =1 at z =0 and f(unytn).= 1 - 2u,, then

k’l = f(UO,I’()) =1- 2U0 =-1

and
h h A
kg = f(uo + Ekl,l‘o + 5) =1 —2(1 + 07(—1))
=1-2 (1 - i)
20
=1-19/10
=1-1.9
=-0.9
and
h h 0.1
k?g = f (UO + §k2,$0 + 5) =1- 2(1 + 7(—09))
=-0.91
and lastly,

ky=f(uo+hks,xo+h)=1-2(1+0.1(-0.91))
=-0.818

(c) For a Runge-Kutta scheme to be stable, a necessary condition is that }.;_; b; = 1.
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(d) The first step is given by

h
Ul :’LL0+E(]€1+2]€2+2I€3+]€4)

1
=1+ %(—1—2x0.9—2x0.91—0.818)
=0.90936

The second step requires

and

and

and lastly,

thus,

ki=f(uy,z1)=1-2u; =-0.818733

h h h
ko :f(u1 b ko 5) - 1—2(u1 +§k1)
o1 .
“1-9 (0.90936 - 0.818733)
— _0.736859998667

h h h
k3:f(u1+§k2,:c1+§):1—2(u1+§k2)

=1-2 (0.90936 - 0—21 X 0.736859998667)
=—-0.7450473334532999

ks = f(u1+hksyzy +h)=1=2(us +hks)
=+0.6697238666293399

UQ:’LL1+%(]€1+2]€2+2]§3+]€4)

1 .
=0.9093 + 0 (—0.818733 -2 x0.736859998667 — 2 x 0.7450473334532999 — 0.6697238666293399)

=0.835128802265501

The exact value is y = 1 (e7%4 + 1) = 0.8351600230178197.

Thus, the global truncation error is given by

|0.8351600230178197 — 0.835128802265501 = 3.122075231865029¢ — 05 = 3.122 x 107°.

Note: some latitudesaill befgiven, due to likelihood of rounding error between steps.

10 of 17



Question 5: Given the following data:

i |01 2

Using polynomial interpolation, such as Lagrange or Newton interpolation, what is the value of y(2)?
O 14/3 O 4 O 10/3
& 13/3 O 43/9 O 41/10

To find the value of y(2) using polynomial interpolation, we can use either the Lagrange interpolation formula
or Newton’s formula. The Lagrange interpolation polynomial for the given set/of data points (z;,y;) is given
by:
n
P(z) =) yili(z)
i=0

where [;(z) are the Lagrange basis polynomials defined as:

L(z)= ] =2

0<j<n Li— Lj
VE)

Given data points:

We have n =2, so we need to compute lo(x), I1(z) and l3(x). Calculating ly(z)

T — Ty X — T2

lo(x) =

To—~T1 To— T2
_x—-1 z-3
“0-1 0-3
_—(z=1) —(x-3)
R

3-x
:(1_”3)'( 3 )
(z-1)(z-3)
e
22 -4z +3

3

Calculating 1 (%)

T — X9 T — T2

l1($) =

r1—Top T1—T2

B r-0 -3
T 1-0 1-3
x -3

=r - ——
-2
(57)
=x-| ——
2
~z(3-m)
2
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Lastly, calculating lo(x)

Constructing the interpolation polynomial P(x)

P(z) =yo lo(x) +y1-li(z) +y2 - l2(7)
=2-lg(z)+4-11(x) +3-1a(x)

:%(x2—4x+3)+2x(3—x)+%az(az—1)

:(z—2+1)x2+(—1+6—§)x+2

3 2 2 3
4-12+3 5 36-3-16

= xr~ + 6 X

6

+2

1
=——x +—7m+2.
6 6

Thus, evaluating P(x) at x = 2 yields

5., 17
P(2)=-=(2)%+ —
g7+~
3 17
=——MA4)+—=(2)+2
S(D @) +
_ R0
6 6

(2)+2
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Question 6: Given the integral

1/5 1
= f — +sin (7z) dz
1/4 3

what is the error of the approximate integral for the Trapezium rule when using five subintervals?

O 2.30e-5 O 8.00e-6
O 2.11e-4 X 2.67e-6
O 8.44e-7 O 8.67e-3

Determine the interval width h: )
a=- and b=- with n=5

then

1 1 4-5
b - b—(l: 571 _ 20 -1 1
5

20-5 100
Calculate the points x;:
r;=a+ih for 1=0,1,2,3,4,5

that is

1 1 1 1 2 1 3 1 4 1
To=—, T1=7 -, T2= - MIT o -, Ty=— -, T5= .
4 4 100 4 100 4. 100 4 100 )
Evaluate the function f(x) = 1 +sin(7z) at these points:
1 1 1 2
J(wo) = 5 +sin(x-0.25) = % sin(%) =5+ g = 1.040440114519881

Fzy) = % +sin(m-0.24) = 1.017880439262022
Fms) = é +sin( - 0.23) = 0.9946451986569851
Flxs).= % + sin(m+0.22) = 0.970757323082023
fxq) = é + sin(7-0.21) = 0.9462403869863099
f(ws) = % +sin( - 0.20) = 0.9211185856258064

Approximate the integral using the Trapezium rule:

In = g (f(wo) +2f(w1) +2f (z2) + 2 (w3) + 2f (w4) + f (25)) -
Substituting the values of h and f(z;):

I, = ‘é% (£(0.25) +2£(0.24) + 2£(0.23) + 2£(0.22) + 2£(0.21) + £(0.20)).

Summing the values:

1
Iy, = ~300 (1.040440114519881 + 2 - 1.017880439262022 + 2 - 0.9946451986569851 + 2 - 0.970757323082023+

2-0.9462403869863099 + 0.9211185856258064)
=-0.04910302698060184
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The exact integral is given as

1/51
I=f§+sin7rxdx
1/4

) [f ~ cos(ﬂ'x)]l/5

) efe) ()
A ) )

=-0.04910569502763208
Thus, the error is given by |I — I,
|-0.04910569502763208 — —0.04910569502763208| = 2.6680470 213e-6.
which is - Q
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Question 7: Given the matrix
25 15 -5
A=| 15 18 0
-5 0 11
what is the Cholesky matrix L for the matrix A7

5 0 0 1 2 1
Ol 6 20 Ol 2 5 4

-1 5 1 3 8 1

5 0 0 2 1
olz2 3 o0 O(z 5)

2 2 3

5 0 0

5 3 3 X 3 30
Ol0 36 -1 1 3

0 0 3

For the Cholesky factorization, A = LLT. The coefficients of L are given.by

i1
i = 2getlijle,g

lpi =

lig

and

Thus, for the matrix

5.0 11
then
lLia= \/a1,1
=V25=5,
and subsequently
as 1 15
l = = — = 37
2,1 Lt 5

_/ 2
12,2— a272_l2,1

=V18-32=/18-9=v9=3

I3 = 31 - 5/5=-1,
I
azo 131 %121
I3 = —
2,2
_0-(-Dx3_,
3

and finally,

lyg=1\/a35-13, - 13,=/11-(-1)2-12=V11-2=3,
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Thus, the answer is

S
<
S
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Question 8: Heun’s method for a differential equation can be written in the form:

h
Upi1 = Up + 5 (f (xrwun) + f (xn+1’u:L+1)) where u:L+1 = Uy, + hf (xnvun) .
Show that for the differential equation in y(x) given by
dy _ y-In(z+1), with yo=1,
dx

that for A = 0.2, the value for uy is given by:

O 1.20177 O 2.40899
& 1.41063 O 0.98452
O 1.33333 O -0.18431

With f(z,y) =y -In(1 + z), the intermediate step is required first
uy =ug +hf (o, uq)
As f(xo,u0) = f(0,1)=1-In(1+0)=1-0=1, thus
ul =ug+hf(xo,up) =1+02x f(0,1)=1+02x (1 -In(0+1))=1+0.2%(1-1n(1))=1+0.2x(1-0)=1.2
To calculate the first step, consider
fay,ut) = £(0.2,1.2)=1.2 - 1n(0.2 + 1) = 1.2=1n(1.2)

which is
£(0.2,1.2) ».1.2 -0.1823 =1.0177.

Thus u; is then given by
up =1+ %(1 +1.0177)
=1+0.1%2.0177=1+0.20177 = 1.20177.

To compute the second term, again compute the intermediate value uj, first noting that

£(0.2,1.20177) = 1.20177 — In(0.2 + 1) = 1.20177 — 0.1823 ~ 1.01947.
So that us is given by

uy = 1.20177 + 0.2 x 1.01947 = 1.20177 + 0.203894 = 1.405664.
With
f (zq,u3) = £(0.4,1.405664) = 1.405664 — In(0.4 + 1) = 1.405664 — In(1.4) = 1.405664 — 0.3365 ~ 1.069164,

SO us can be evaluated as

=1.20177 + 0.1(1.01947 + 1.069164) = 1.20177 + 0.12.088634 ~ 1.20177 + 0.2088634 ~ 1.4106334.

The required solution is = 1.41063.
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